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Abstract

We useseveralmodelsof scale-freggraphsasunderlyinginteractiongraphgor asimple
modelof Multi-Agent SystemgMAS), andstudyhow fastthesystenreaches fixed-point,
thatis, thetime it takesfor the systemto geta 90% of the agentsin the samestate. The
interestof thesekind of graphsdis in thefactthatthe Internet,a very plausibleernvironment
for MAS, is a scale-freegraphwith high clusteringand < k., >, the nearesieighbor
averageconnectvity of nodeswith connectity k, following apowerlaw. Ourresultsshov
that differenttypesof scale-freegraphsmakethe systemas efficient as fully connected

graphsjn aclearagreementvith our previousresearcl{Artif. Intell. 141, pp. 175-181).
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1 Introduction

It hasbeenlong sinceHuberman& collaboratorqd15, 16, 17] shaved that the study and/or
designof a multiagentsystemgMAS) mustpay attentionto the dynamicsof the system.Im-
portantaspectof a MAS, suchasperformancemay dependon this dynamics. However, it
lookslike thistopic hasnot attractedhe attentionof researchersn MAS [14, 33].

In this article we wantto emphasizean importantfactorin the dynamicsof a MAS: its
topology It is well-known thatthe topologyof a MAS, thatis, the patternof interactionto be
followedby the agentsmay be highly determinanin whatrespectghe long-timebehaior of
a dynamicalsystem[1, 10, 12,18, 23] andMAS areno exception. To do so, we will work in
theframewvorkintroducedoy Shoham& Tennenholt325, 26,27, 28] of simple,game-theoretic
agentdrying to reacha socialcorvention,thatis, the samestatefor all agentyseebelow). We
will notfurtherdiscusssocialcornventions,seeShoham& Tennenholtpaperdor details.

In the simplestmulti-agentsystem(MAS) every agentmay interactwith every otheragent.
Thismeanghattheunderlyingtopologyis a graphwith anall-to-all connectity pattern.How-
ever, this is not very realistic, sinceMAS tendto run in an openenvironment,whereagents
have no knowledgeaboutthe whole. It is far more accurateto assumesomerestrictionsin
the patternof interactionsanagentmay have. We canthink of differentpossibilities:Regular
graphsJattices,etc. This hasalreadybeen(partially) analysedsinceemegenceof corventions
in MAS with topologicalrestrictionshasbeenstudiedn regulargraphgfunctionalandproduct
hierarchiesgontracinets,decentralizedndcentralizednarketsse€ 28] for definitionsof these
differenttypesof graphsan thecontext of organizatiortheory)andlattices[18, 19,28, 29]. This
work is quite interesting sinceit shavs thatthe underlyingMAS topologyis importantin the
efficiengy of the emegenceof conventions;however, regulartopologiesare not very realistic
either If we payattentionto the topologyof real networkswe will find outthatmostof them

have a very particulartopology: they arecomple networks[2, 4, 23,6, 10, 12, 31] with non-



trivial wiring schemesNotice thatoneof the possibleervironmentsfor a MAS, the Internet,
is amongthe mostprominentcomplex networksfound in the real world. Comple networks
arewell characterizedthy somespecialpropertiessuchasthe connectvity distribution (either
exponentialor power-law) or the small-worldproperty[23, 32].

In this article we will studythe efficiency of the emegenceof socialcorventionsin MAS
with a scale-feeunderlyingtopology thatis, its connectvity follows a power-law P(k) O kY.
We will follow the conceptuaframenork introducedoy Shoham& Tennenholtandour mea-
sureof efficiengy will be oneof thoseintroducedn the work of Kittock [18]: thetimeit takes
to reacha 90% of theagentdn the systemwith the samestate.Thiswill be detailedbelow.

Previous experimentalwork by one of the authors[13] shaved that a particulartype of
scale-freggraphggeneratedollowing thework of Baralasiandcollaboratorg7, 3], seebelow)
makethe systembehae in a way quite similar to the optimal underlyingtopology thatis, the
completegraph. However, thosegraphslack somepropertieshat have beenobseredin the
Internet,particularly they lack a certainkind of correlationsamongnodesandthe small-world
property In thisarticlewe continuethatexplorationby performingthesameexperimentalvork
on differenttypesof more sophisticatedcale-freegraphs. Readersof both papers(this one
and[13]) will find someredundang in theintroductorypartandthe placeswherewe describe
the systemwhich we usedto performthe experimentsput thisis unavoidablesincethis oneis

asequebf [13].

2 Graph Models

As we pointedoutin theintroduction,recentdiscorerieson realnetworksleadusto think that
regularand/orpurely randomgraphsare not the mostrealisticervironmentfor MAS. Lots of
realnetworkshave beenstudied[4, 5, 6, 8, 12,23, 31] thoughthe mostinterestingresultfor us
is thatthe Internetis a comple network,a scale-freegraphwith small-worldpropertieq2, 4].

Sincethelnternetis aquitereasonablervironmentfor aMAS, andsincetheunderlyingtopol-



ogy is importantfor the efficiency of theemepgenceof corventions(asshavn by Kittock [18]),
it is quiteclearthatthe studyof theefficiency of theemegenceof corventionsn differenttypes
of scale-freenetworkswill provide morerealisticresults.

Albert, Baralasi andJeonghave recentlyproposeda setof differentmodelsfor scale-free
graphs,basedon the growing processof the Internetand other real complex networks. We
have usedthe Albert-Baral@si[3] extendednodelasmodelof scale-freggraphssinceit gives
us somecontrol over the exponenty of the graph. The underlyingideais that of growth with
preferentialconnecwity, wherethe most“popular” nodesget mostof the links. This model
washuilt on asimplerone[7], ableto generateggraphswith exponenty = 2.9+ 0.1 (by setting
p = g = 0 in the algorithm detailedbelonv we recover this previous model). We will define
preciselythesegraphsby giving analgorithmto build them.

The algorithmdependon 4 parametersmyg (initial numberof nodes)m (numberof links
addedand/orrewired at every stepof the algorithm), p (probability of addinglinks) andq
(probability of edgerewiring). The procedurds: Startthe algorithmwith mg isolatednodes,

andperformat every steponeof thesethreeactions:

1 With probability p addm (< mp) new links. We pick two nodesrandomly The starting
point of the link is chosenuniformly andthe end point of the new link will be chosen
accordingo thefollowing probability distribution:

~ ki+1
Y i(kj+1)

whereTl; is the probability of selectingthe i-th node,andk; is the numberof edgesof

F

nodei. Thisprocesss repeatedntimes.

2 With probabilityq, medgesarerewired. Thatis, we repeatmtimes: Choosguniformly)
atrandomonenodei andalink ljj. Deletethis link. Chooseanother(different)nodek

with probability {1, },—=1..n andaddthenew link ljx.



3 With probabilityl — p— qaddanewx nodewith mlinks. Thesenew links will connecthe

new nodeto mothernodeschoseraccordingo {IM; }—1..n-

Oncewe getthe desirednumberN of nodeswe stopthealgorithm. Thegraphsgenerateavith
thisalgorithmarescale-freeandomgraphsthatis, thereareno correlationsamongedged24].
It canbe showvn thatin the limit of large N, when p = q, this algorithmendsup with a graph

with connectity distribution

_(2m(1-p)+1-2
P(k) 0 (k4 1)~ (R4

. _ _ 2m(1-p)+1-2p
thatcanbeapproximatedwhenk >> 1, by P(k) O k™Y wherey = (T) +1. Thegraphs
in our experimentsareno largerthanN = 10°, thereforethe theoreticalexponentsufiers from

finite-sizeeffectsandmustbe computedchumerically (seefigure 1).
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Figurel: Thisfigure shavs the connectity distribution of a graphgenerateavith the Albert-
Baraléisi extendedmodel (seetext). ParametersareN = 5 x 10%, p= q = 0.4, mg = 4 and
m = 2, sothe exponentshouldbey = 2.3. As we seein the plot, therealexponentis y ~ 2.5.
Thedatawerelogarithmicallybinned.

Albert-Baralasi's scale-freggraphsare simplemodelsthatlack someof the characteristics

of the Internet.PastorSatorrasetal. [24] madesomemeasuresnrealsamplef theInternet,

5



shaving a large clustering,an exponenty ~ 2.25 andthe presencef correlationsn the form
of a powerlaw dependencé the nearesheighborsaverageconnecwity of nodeswith con-
nectvity k (quantitythey called < kyn >). Albert-Baralasigraphshave low clusteringandno
correlationssowe will work with two moremodelsof scale-freggraphs.

First, the Walshmodel of scale-freegraphswith high degree[30]. This modelis a varia-
tion of the Albert-Baratasimodelwe have seenbut with parametergp = q= 0 andarule to
connecianew nodethatreadsasmin(1, mk/ 3 k). Graphsgenerateavith the Albert-Baral&si
model,dueto the probabilitydistributionthey useto modelpreferentiabttachmentdiffer from
the Internet,amongotherthings,in thatthe clusteringof the Internetis muchhigherthanthe
clusteringof thesemodels.Walshmodificationis ableto inducehigh densitygraphswith large
clusteringmaintainingthe scalefree propertywith anexponenty ~ 2.9.

Secondthe Bianconi-Barabsimodel[8], very similar to the Albert-Baralasimodel(also
with p = q = 0) but introducinga parametecalledfitness associatedo every node. This nev
parameteiis introducedto accountfor the evidencethat evolving systemswith a scale-free
topologyareoftencompetitivesystemsnot all nodesareequallysuccessfuin acquiringlinks.

Thus,they definethenew rule of connecwity as
Mi=nik/ Y nikj
]

for everynodei = 1...N. In ourcasewehave chosem); uniformly fromtheunitinterval. These
graphsare geneanlized scale-freegraphs,sinceits distribution follows P(k) O k~Y/log(k) for
y ~ 2.25 (anexponentvery similar to thatfoundfor the Internet[24]). Thesegraphsareinter-
estingsincetheir correlation< kn, > scalesfollowing a power-law, asdoesthe Internet[24].
Let S bethesetof nodeswith k neighborsNy thecardinalof S, Vj thesetof neighborsof node

] andc; the numberof neighborsf nodei. We define< kyn >:

1 1
<knn>:N— ;(E Ci
K je5 " idy;



We canseein figure2, < knn > measuredor ourthreemodelsof scale-freeggraphs We seethat
only thefitnessmodelhascorrelationssimilarto the onesmeasuredh the Internet[24].
Thus,we will work with scale-freggraphsof the Albert-Baralasitype,andtwo variations:
theWalshtype,with a higherclusteringandthe Bianconi-Barabsi(fitness)type,with < knn >
following a power-law. The Walshmodelandthe Albert-Baratasimodelhave no correlations

atall. However, only the Walshmodelhashigh clustering.
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Figure2: Thisfigureshaows < knn > for our threemodelsof scale-freeggraphs.Parametersre:
N = 10% mp = 9 andm= 8 for all graphs Besidesp = q = 0.4 for the Albert-Baratasimodel.
We obsenre no correlationdor theWalshmodelandthe Albert-Baralasimodel.

3 Social Conventionsin MAS

Our MAS will consistof N agentson a graph,whereevery agentwill belocatedon a nodeof
the graph. Its adjacentagentswill be calledits neighbors Every agentwill bein oneout of
two stateqor actions),calledA andB. The systemwill evolve in time, andat eachtime step
oneagentwill beselectedatrandom for stateupdating.Thedynamicsve useis asyntironous

following previous work [18, 19, 27]. We will departfrom Walker & Wooldridge[29] for-
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malizationbecausehe dynamicsthey useimposesa syndironousdynamics whereall agents
interactat once,thoughit is well known thatsome“emeigent” propertiesof synchronousys-
temsarenot dueto the systemitself, but to global correlationsntroducedby this synchronous
updat€g 16, 21]. Differentrulesto updateagents statewill definedifferentsystemsAsin [13],
wewill studythehighestcurrentreward (HCR)ruleandthegenealizedsimplemajority (GSM)
rule.

We definea social corventionasin [27]: A sociallaw is a restrictionon the setof actions
availableto agents.A sociallaw thatrestrictsthe agents’behaior to one particularactionis
calleda socialcorvention. In our casea socialcorventionwill bereachedf all theN agents
areeitherin stateA or in stateB.

From[18] we will getthe performanceneasureve useto evaluatehow fast corventions
arisein our systemsit is the corverlgencetime T¢: the corvergencetime for a given level of
cornvergencec is the earliesttime at which C; > ¢, whereC; is the corvergenceof a systemat
timet, thatis, thefractionof agentsusingthemajority action(eitherA or B). In thisnotewe will

focusonthestudyof the averagdime to afixed convergence(we setc to 90%,following [18]).

3.1 TheGeneralized Simple Majority rule

This rule wasintroducedn our previouswork [13]. Our departureointis the simplemajority
rule, asdefinedby Walker & Wooldridge[29], generalizedn suchaway thatnow theamount
of neighborsn acertainstatedoesnot determinea changeof state put this changes stochastic.
Let us assumethata nodei is in a stateS e {A B} andhask neighbors. Let S be the
complementargtateand ks the numberof neighborsin stateS. Then,agenti will changeto

state(S) with probability:
1
fB(kS) = 1_|_e2I3(2k§/k—1)

Thisrule generalizesimplemajority sincefor 3 — o werecover thechangeof stateonly when

morethank/2 neighborsarein stateS.



Thereis no theoremassuringcorvergencein the emegenceof conventionsin the system
definedwith the GSM rule, but we provided someanalyticalevidencethatthis is the case[13]

(in thispaperwe set = 10).
3.2 TheHighest Current Reward rule

Theframewvorkin whichwe will work herewasintroducedoy Shoham& Tennenholt325, 26,
27, 28] sometime ago,thoughit is in frequentusenowadays(see[9, 11] for example). It is
muchmoresophisticatedhanthe previous one (the GSM rule), so it will nheedsomedetailed
explanations.In this notewe will adaptfrom Shoham& TennenholtZ27] the definitionsand
theoremsawve need,not dwelling on justificationsof this formal framework (it waseloquently
donethere). We will focuson coodination games[20] A payof matrix G 2 x 2 definesa

2-persor2-choicesymmetriccoordinationgameif G hastheform
X U
vy

Essentiallythe ideais that every playerhastwo available actions,say A andB. If both

wherex > v andy > u.

playersplay A, both playersreceve a payof of x. If they play B they receve a payof of
y. Whenthe playersdo not agree,for example,player 1 plays A and player2 playsB, the
formerrecevesa payof of u andthelattera payof of v; theremainingsituationis symmetric.
The conditionon the entriesof G makesclearthatto play the sameactionis the bestchoice.
Specifically wewill usethepure coodinationgame20] G, wherex=y=+landu=v= —1.

Now, oncedefinedthe gamewe needto definethe players.Our MAS will be composedf
N agentqevery agents a player)thatwill interactwith otheragentsplayingthe gameG once
perinteraction.Whatwe areinterestedn is whetherthe dynamicsof this systemmakesall the
agentsreacha social cornvention. In our particularsetting,this meansthat we wantto know
whetherall theagentswill endup playingoneof thetwo possibleactionsof thegameG, sayA

andB.



Following [18], every agent,saythek-th, will be characterizethy a memoryMy of sizeM
(samesizefor all theagentsiandanactionak (to play the next time agentk is selectedsothe
valueof ay is eitherA or B). ThememoryMy will recordsomeinformationonthe M lastplays
of theagentk: Thevalueof the positioni of thememoryMy will beatuple < &, pl,t' > where
t' is the time thei-th play took place,a}, is the actionplayedby agentk and pl, is the payof
receved (1 <i < M). However, in this work we will not studythe effect of memory setting
M=1.

Now we mustdefinethe dynamicsof the system(a variantof n— k — g stochasticsocial
gameq27] wherewe will takeinto accounthe underlyingtopology). At every time stept, a
pair of agentswill beselectedo playthe gameG, whereoneof themwill berandomlychosen
andtheotherwill beoneof its neighborsaccordingo theunderlyinggraph.They will recevea
payof (either+1 or —1) dependingntheiractions.Let usassumehatattimet, agentsk (with
memoryM andactionay) andl (with memoryM, andactiona) arechoseno play. Every
agentwill receve a certainpayof, say px and p;. Now, agentk mustdecidewhich actionit is
goingto playnext timeit is chosenasafunctionof its memoryMy, theactionay playedandthe
payof receved py. It usesthe HighestCurrentRevard rule. Agentk will computethe payof
received for usingactionA in thelastM playsin whichit hasbeeninvolved: P = 5., _a Pk,
WhereP'g is definedin the sameway. Agentk will add pk to eitherPA" or P'g, dependingon ay.
Now, agentk candecide:Next timeit is choserto play, theactionchoserby theagentk will be
eitherAif P§ > P, Bif P > PX or a otherwise Finally agentk updatests memory deleting
the oldestentry andaddingthe tuple < ay, px,t > (agentl will do the samething, the restof
the systemwill do nothing). Shoham& Tennenholt426, 27] provide a generaltheoremthat
guaranteethe cornvergenceof this systento a stablesocialcorvention.

Kittock [18] studiednumericallythe efficiency of the emegenceof cornventionsin regular
graphs His mainresultwasthattheunderlyingtopologyhasa profoundeffectontheefficiency

with which corventionsemepge, andhe conjecturedhatthis efficiency dependsssentiallyon
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thediameterof thegraph.So,theoptimalgraphwill bethegraphwith anall-to-all connectity

pattern(whichwe will call Ky).

4 Results: Tgge VS. N

Onceweknow thatsocialcorventionswill emegein thesystemsve areinterestedn, wewould
like to know how fastthesecorventionswill bereached.

Theresultsof our experimentscanbe seenin figure 3 andfigure 4. We performedexperi-
mentsanalogouso thoseof [13]. Wemeasuredggy, vs. N in systemausingtheHCR rule or the
GSMruleandourthreemodelsof scale-freggraphs:Albert-Baratasimodels Walshmodeland
Fitnessmodel. For every N, we ran 25 simulationsof the systeminitialized randomly(agents
with randominitial state eitherA or B with probability0.5), averagingtheresults.Seetablefor

graphparameters.

Fig3& 4 GraphParameters
KN Noneneeded
S |[m=4m=1p=q=04
$>° m=4m=2p=0g=0.4
$°? |my=6,m=3,p=q=04
Sy Walsh mp=6m=4
Sy Fitness m=4

Fromour numericalWwork (thesefiguresarerepresentate of resultsobtainedwith different
setsof parametersye obsere that TS SR = O(NlogN) andT35M= O(N) for scale-fregraphs.
In thecaseof theHCRrulethisfactis remarkablesincethis O(NlogN) behaior is notfoundin
regulargraphgthatfollow aO(N?) law [18, 13]) andit is thelowerboundpredictecanalytically
in [27].

In agreemenivith our previousresultg13], thegrowth of Tgg is identical(asymptotically)
to the optimalgrowth of O(NlogN) (HCR rule) andO(N) (GSMrule) obseredin the system
with theKy graphasunderlyingtopology This case providedKittock conjecturds correct(the

growth depend®nthe diameterof the graph[18]), is the optimalcase.This identicalbehaior
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Highest Current Reward Rule
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Figure3: HCR rule: Tgoe, vVS. N, averagedover 25 sampledor eachN. Several graphshave

beenused(seetext andtablefor parametersSizes:N = 1,2.5,5,7.5,10, 25 x 10°).

is obtainedwith graphsvhoseconnectivitys muchsmallerthanN — 1 (correspondingo graphs
Kn), sothatwe have atopologythatmakeshe systemmoreefficientat alower cost(wherethe

costwould beameasuref the structureof thegraph,in this casetheconnectity).

However, in [13] we putforwardthehypothesigshatwhatwasreallyimportantn accounting
for the growth of Tgoe, Obseredin our simulationswasthe randomnesgf the graph,thatis,
the absencef ary kind of correlations.The main motivation of this work hasbeento verify
this hypothesidy using graphswith the scale-freepropertybut someaddedstructure. Our
resultsseemto point out thatthe phenomenombsenred is somavhat more complicatedthan
we conjecturedsincewe obsere analmostidenticalbehaior usingeitherthe Albert-Baralasi
extendednodelor theWalshmodel(with constank ka, >) andtheFitnessnodel(with < kqn >
following a power-law). Thedataobtainedwvould supportthe hypothesighatmerelythe scale-
freepropertyis enougho accounfor theobseredresults.Notethatthisremarkdoesnot affect

the fact that our resultsare consistentith Kittock conjectureg[18], thatis, the growth of the
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Generalized Simple M ajority Rule

A
A~ 3
PP, Sb 1
a %
5
100
g
o
4 -
1o ¥
= e K,
A S (y=272, <K>=6)
+ S, (y=2.55, <K>=12)
m S (Y= 252, <K>=18)
v S, Fitness (y = 2.25, <K>=8)
» S, Walsh (y = 2.9, <K>=8)
3
10 = : : —

10 10°
Number of Agents

Figure4: GSM rule: Tgoo, VS. N, averagedover 25 sampledor eachN. Several graphshave
beenused(seetext andtablefor parametersSizes:N = 1,2.5,5, 7.5, 10, 25,50, 75,100 10°).
efficiengy of theemegenceof socialcorventionsdependsnainly onthediameterof thegraph.
The questionhereis thatthe growth of the diameterof the scale-freegraphswe usedis still
logarithmic,despitetheaddedstructurethey mayhave.

Finally, we do not mentionthe slight differencesetweenthe resultsfound with the par
ticular graphswe used(seefigures3 and4) sincewe have usedgraphsof differentaverage
connectvities, which is importantin relationto the diameterof the graph. The relevantinfor-

mation,discusse@bove, is thegrowth law of Tgge, vS. N.

5 Summary and Prospects

In this paperwe continuedthe work initiated in [13], investigatingthe efficiency of the emer
genceof socialcorventionsin simple,game-theoretimulti-agentsystemawith realisticunder
lying topologies.Our resultsarein completeagreemenivith the resultsobtainedn [13].

Kittock conjecturg18] thatthe growth of theefficiency of the emegenceof socialcorven-
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tionsdependsnainly on the diameterof the graphis consistentvith our results.However, the
importancewe attributedto randomnes [13] looks now lessrelevant,in favour of whether
thegraphis or is not scale-free.

Therearesomeimmediatewaysto continuewith our investigation:.we could measurégg
dependingon the memoryof the agentqfor the HCR rule) or the uncertaintyof statechanges
(differentf in the GSM rule), we couldrepeatthe samework with coopeation gameq1, 18,
27].

Furtherwork may alsobe donewith mobileagentssincesystemswith agentghatareable

to move maydisplaycomple behaior [22].
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