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1. Introduction

Mechanism design theory attempts to answer the question of when and how it is possible
to design a game form (a mechanism) whose equilibrium outcomes are optimal with respect
to some given criterion of social welfare. For the current mechanism design paradigm to be
taken seriously as a model of institutional design, its conclusions must be robust. At least
three different notions of robustness have been discussed in the literature: robustness against
collusion, robustness against uncertainty about higher order beliefs, and robustness against
renegotiation.! This paper is devoted to the subject of robustness against renegotiation.

A standard approach in microeconomic theory is to assume that the players can foresee
perfectly the outcome of any future renegotiation (see, e.g., Bolton (1990) and Dewatripont
and Maskin (1990) for surveys of the early literature). In contrast, we focus on the case where
the principal or designer of the mechanism is ignorant of the way renegotiation will take place.
If a proposed mechanism is renegotiated in a way that cannot be foreseen precisely, then it is
impossible to ensure that it indeed achieves the goal it was designed to accomplish. Hence,
if the objective of mechanism design theory is to suggest practicable (at least in principle)
methods for achieving certain social goals, then renegotiation-proofness must be ensured.

Renegotiation might either involve renegotiation of just the decision reached by the mech-
anism, or renegotiation of the equilibrium that is played under the mechanism, or renegoti-
ation of the entire mechanism and equilibrium to be played. Renegotiation may take place
either before the mechanism is played, when each player knows only its own type, or af-
ter the mechanism is played, when each player knows both its own type and the decision
reached by the mechanism, but not necessarily the other players’ types. In the former case,
when renegotiation is done at the interim stage, the players might renegotiate the equilib-
rium they intended to play under the mechanism, or the mechanism itself. In the latter
case, when renegotiation is done at the ex-post stage, the players may wish to renegotiate
the decision or recommendation that is made by the mechanism — that much is obvious.
However, the possibility of ex-post renegotiation may have another more subtle, if not less
powerful, effect, which is that players may be induced to play the mechanism differently
than they originally intended in anticipation of future renegotiation. A mechanism that is

immune against renegotiation before it is played is said to be interim renegotiation-proof,

IThe literature on robust mechanism design has become quite voluminous. The interested reader may
consult Che and Kim (2006) and the references therein on robustness against collusion, and Bergemann and
Morris (2005) and the references therein on robustness against uncertainty about higher order beliefs. The
literature about robustness against renegotiation is surveyed below. Although it is not usually interpreted
as such, the work on multidimensional mechanism design (see, e.g., Jehiel et al., 2006, and the references
therein) may also be interpreted as part of the literature on robust mechanism design, namely, robustness

against higher dimensions of the type space.



and a mechanism that is immune against renegotiation after it is played is said to be ex-post
renegotiation-proof. A mechanism that is both interim and ex-post renegotiation-proof is
said to be renegotiation-proof.

The literature about renegotiation-proofness can thus be distinguished according to
whether it is about interim or ex-post renegotiation-proofness, and according to the as-
sumptions that are imposed on the information and preferences of the players: complete
information vs. independent private information vs. correlated private information; and
private vs. interdependent valuations.

The literature on renegotiation-proofness under complete information (see Maskin and
Moore (1999) and Segal and Whinston (2002)) has characterized the class of renegotiation-
proof social choice rules relative to some exogenously given ad hoc “renegotiation function.”?
The literature on renegotiation-proofness under incomplete information (see the seminal
contribution by Holmstrém and Myerson (1983), as well as Crawford (1985), Palfrey and
Srivastava (1991), Lagunoff (1995), and Cramton and Palfrey (1995)) has mostly focused its
attention on the concept of interim renegotiation-proofness. The papers in this literature
have each suggested a notion of interim renegotiation-proofness that is such that for any
mechanism design problem, there exists a mechanism that is renegotiation-proof according
to the notion that was proposed. The subject of ex-post renegotiation-proofness under
incomplete information was examined by Forges (1993, 1994). Forges concluded that the
question of whether there exists a renegotiation-proof mechanism for every mechanism design
problem remains open (1994, p. 241).?

In this paper we present what we believe is a natural and yet very strong notion of
renegotiation-proofness. The three main questions that are addressed in this paper are (1)
what kind of environments admit the renegotiation-proof implementation of some social
choice rules? (2) for a given environment, what kind of social choice rule are implementable
in a way that is renegotiation-proof? and (3) for a given renegotiation-proof implementable
social choice rule, how can the rule be implemented in a way that is indeed renegotiation-
proof?

We obtain, for environments with private values a tight characterization of renegotiation-

proof mechanisms: for complete information environments, this characterization is in terms

20f related interest is the work by Bernheim et al. (1987) and Moreno and Wooders (1996) who studied
coalition-proof equilibria in strategic form games. The problem of renegotiation in such environments is

simpler because the players have no informational advantage vis-a-vis the designer of the mechanism.
30n interim renegotiation proofness, see also Maskin and Tirole (1992). On ex-post renegotiation proof-

ness, see also Green and Laffont (1987). Beaudry and Poitevin (1995) deal with both interim and ex-post
renegotiation proofness, but in a simpler model with only one privately informed player. Krasa (1999) in-
troduced a concept of unimprovability which combines some features of interim and ex-post renegotiation

proofness.



of ex-post efficient decision rules; for incomplete information environments with independent
private values, this characterization is in terms of Vickrey-Clarke-Groves (VCG) mechanisms.
Importantly, we show that some common mechanism design problems do not admit the
existence of any renegotiation-proof mechanism. The consideration of interdependent values
and correlated types introduces considerable complications into our analysis. We provide a
few results, illustrate some of the difficulties associated with this case, and point to a number
of interesting open problems.

Our result about the possible inexistence of renegotiation-proof mechanisms may be in-
terpreted as a sign that our notion of renegotiation is too permissive. Be that as it may, we
believe that except for its technical contribution, our analysis also implies that more work
needs to be devoted to understanding how renegotiation might be blocked and how it is
indeed blocked in different institutions in practice.

The rest of the paper proceeds as follows. In the next section, we present the basic
set up of our model. Section 3 is devoted to the subject of renegotiation proofness under
complete information, and Section 4 is devoted to renegotiation proofness under incomplete

information. All proofs are relegated to the appendix.

2. Set Up

A group of n players, indexed by i € N = {1,2,...,n}, must reach a decision that involves the
choice of a social alternative a € A, together with the determination of monetary transfers to
the players, t = (t1,...,t,) € R™ that are such that > ..  ¢; < s(a). The function s : A — R
may be interpreted as the monetary surplus that is generated by the social alternative a that
has to be shared by the players, or more naturally, when s (a) is negative, as the monetary
cost of implementing social alternative a. Sometimes we refer to a decision (a,t) as the
outcome (a,t).

The players’ preferences over the set A as well as their beliefs about each other’s prefer-
ences are determined by their types. The set of player ¢’s types is denoted ©;. For simplicity,
we assume that the sets ©;, ¢ € N, are finite. We denote © = 0, x---x0,,,and ©_; = [] 9,
with typical elements 6 and 0_;, respectively. A profile of types 6 € © is referred to as ejfsltate
of the world. Each player ¢ is assumed to be an expected utility maximizer with a quasi-
linear payoff function that is given by u; (a, t;,0) = v; (a,0) +t; where v; : Ax © — R. If the
environment is a complete information environment, then it is assumed that the state of the
world 6 is commonly known among the players, although not necessarily by the mechanism

designer.* If the environment is an incomplete information environment, then it is assumed

4 A mechanism designer who knows the state of the world can easily implement any social choice function
it likes.



that each player ¢ knows her type #;, and obtains her beliefs by conditioning the common
prior, which represents the beliefs of the mechanism designer, on her own type.

A complete information mechanism design environment is thus fully described by a five-
tuple <N A 5,0, (1) N>. An incomplete information mechanism design environment is
thus described by a six-tuple <N A, 5,0, P, (u;),e N> where P denotes the common prior
distribution over the set of states of the world ©.

A mechanism is a game form (S, m) that specifies a message set .S; for each player i € N,
and a mapping m : S — A x R" from the set of message profiles S = S; x - -+ x S, into the
set of social alternatives A and monetary transfers R™.°

The combination of a mechanism (S, m) and a state of the world 6 defines a complete
information game (N, S, (u; (+,6,+) om),_y ). The combination of a mechanism (S, m) and a
prior distribution over the states of the world P defines a Bayesian game < N,S,0,P, (u;om),. N>.
We denote a Nash or a Bayesian Nash equilibrium of the complete information or Bayesian
game that is induced by the mechanism (S, m) by ¢ = (01, ...,0,) and denote the outcome
of this equilibrium, when the state of the world is 6, by (a (6),t(0)) .

A social choice rule is a mapping f : © = A x R” from the set of states of the world
into outcomes. A social choice rule is said to be implementable by a mechanism (S, m) in
a complete or incomplete information environment, respectively, if the equilibria outcomes
that are induced by the mechanism belong to f (@), for every 8 € ©. We thus employ a
weak notion of implementation.

We model the process of renegotiation in the following way: A third party proposes to
the players an alternative decision or mechanism that they are likely to jointly prefer to the
mechanism’s decision, or to the original mechanism, respectively. If this third party is ever
successful in inducing the players to jointly deviate from the mechanism’s decision, or to
reject the original mechanism in favor of the alternative, then we say that the mechanism is
not ex-post or interim renegotiation proof, respectively. If the third party can never induce
the players to jointly agree to renegotiate the outcome or mechanism then we say that the

mechanism is ex-post or interim renegotiation proof, respectively.

®We restrict attention to deterministic decision rules in order to simplify notation. Stochastic decision
rules can be handled in a similar manner.



3. Renegotiation Proofness Under Complete Information

3.1. Definitions

If the state of the world 6 is commonly known, then feasibility considerations imply that we

may restrict our attention to mechanisms that are such that
n
D ti(0) <s(a(0).
i=1

An equilibrium o of the complete information game that is induced by a mechanism (S, m) in
state 6 € © is said to be ex-post efficient if the equilibrium outcome (a (0),t1 (), ..., t, (6))
is such that:

a(f) € arg max > v; (a,0).

3.2. Ex-Post Renegotiation Proofness Under Complete Information

We model the process of ex-post renegotiation in an environment with complete information
in the following way: A mechanism (S, m) is chosen before the state of the world becomes
known. This mechanism is played after the state of the world is realized and becomes
commonly known among the players, but not known to the mechanism designer. Consider
the case in which the state of the world is commonly known to be # € O. Consider a
Nash equilibrium ¢ = (o7, ..., 0,) of the complete information game that is induced by the
mechanism (S, m) when the state of the world is §. Denote the Nash equilibrium outcome
by (a,ty,...,t,) .5

Suppose that the process of renegotiation assumes the following form: a different social
alternative o’ € A, together with a profile of monetary transfers (¢, ...,#/) that sum up to
s (a') or less is exogenously proposed to the players instead of the Nash equilibrium outcome
(a,tq,...,t,). If the players all agree to switch to the renegotiated proposal, then alternative
a' is implemented, and each player i receives a monetary transfer of ¢;. Otherwise, the original
outcome (a,ty,...,t,) is implemented.

We assume that if the outcome (', ], ..., t,) Pareto dominates the outcome (a, ty, ..., t,),
which means that the former outcome is weakly preferred by all the players and strictly pre-
ferred by at least one player to the latter outcome, then the original outcome (a, t1, ..., t,) is
renegotiated to the new outcome (o', t], ..., t, ). Otherwise, the original outcome (a, t1, ..., t,)

is implemented.

6The outcome may well be a lottery. If so, ex-post renegotiation takes place before the lottery is carried
through.



Definition. A Nash equilibrium o of the complete information game that is induced by
a mechanism (S, m) when the state of the world is 6 is ex-post renegotiation proof if for
each player i € N there does not exist a strategy o) and a feasible renegotiation proposal
(a,t),...,t) € AxR" that Pareto dominates the outcome that is obtained under the profile

of strategies (0}, 0_;).

The definition implies that a Nash equilibrium o is ex-post renegotiation proof if and

only if:

1. upon playing the Nash equilibrium strategy profile o that generates the outcome (a,t),
there does not exist an alternative feasible decision (a’,t) € A x R™ that Pareto

dominates (a,t), and

2. there does not exist an alternative feasible decision (a’,¢') that, when anticipated by
some player 7, leads player ¢ to deviate from the equilibrium ¢ in such a way that the
outcome that is generated by the profile of strategies (¢}, 0_;) is Pareto dominated by

the alternative outcome (a’,t’).

The fact that an outcome that is not ex-post efficient can always be renegotiated to one
that is in such a way that strictly benefits all the players implies the following obvious result,

which is given without proof.

Lemma 1. In a complete information mechanism design environment, an ex-post renegoti-

ation proof Nash equilibrium is ex-post efficient.

The fact that the renegotiation proposal is exogenous, and that the equilibrium must
be immune to renegotiation given any alternative outcome, implies that our definition of
renegotiation proofness is strong. Just how strong is illustrated in the following example,
which demonstrates that an equilibrium may fail to be ex-post renegotiation proof in spite

of being be ex-post efficient.

Example 1. Suppose that there are two players, a buyer and a seller. The seller owns an
object that the buyer may want to buy. The buyer is equally likely to value this object at
either 1 or 5. The seller’s reservation value for the object is 2. The state of the world is thus
determined by the buyer’s valuation for the object. The set of social alternatives consists
of three alternatives: “no trade,” “trade at the price 3,” and “trade at the price 4.” The
mechanism, which in this context, may be thought of as a contract between the buyer and
seller has to be designed before the buyer’s valuation for the object becomes known, it will
be played after the buyer’s valuation is realized and becomes commonly known between the

buyer and seller.



Consider the following mechanism: the buyer announces whether it wants to trade or not.
If it announces it wants to trade, then the buyer and seller trade at the price 4; otherwise,
there is no trade. Observe that in each one of the two states of the world, the game that is
induced by this mechanism has a trivial unique Nash equilibrium in undominated strategies.
If the buyer’s valuation for the object is 1, then in equilibrium the buyer declines to trade
and the object is not traded. If the buyer’s valuation for the object is 5, then in equilibrium
the buyer agrees to trade and the object is traded at the price 4.

However, despite the fact that the Nash equilibrium that is played when the buyer’s
valuation is high is both ex-post efficient and in dominant strategies, it is not ex-post strategy
proof according to our definition. To see this, suppose that in the event of no trade, the
buyer and seller may renegotiate the outcome to trading at the price of 3 if they so wish. A
buyer who values the object at 5 and who anticipates such a renegotiation possibility might
announce that she declines to trade in the hope of renegotiating the outcome to trading at
a price that is better for her. Since such renegotiation would also make the seller strictly
better off compared to no trade, the seller may well agree to renegotiate the outcome. Thus,
the Nash equilibrium in which the object is traded at the price 4 may be renegotiated away
— the fact that the buyer’s valuation for the object in this case is commonly known to be
larger than 4 does not prevent this renegotiation from taking place.” 8
Definition. A mechanism (S, m) is ex-post renegotiation proof if it has an ex-post renego-

tiation proof Nash equilibrium o for every state of the world 6 € ©.

Remark. The difference between our notion of ex-post renegotiation proofness and that of
Maskin and Moore (1999) (and Segal and Whinston, 2002) is that Maskin and Moore define
renegotiation proofness with respect to a given specific renegotiation procedure h : Ax© — A
that maps an outcome and a state of the world into a possibly different outcome whereas we
say that a mechanism is ex-post renegotiation proof if it is renegotiation proof with respect
to any such renegotiation procedure. Our notion of renegotiation proofness is therefore

stronger, and is satisfied by fewer mechanisms.

"See Forge (1993, p. 142) and (1994, p. 260) for another example in which an ex-post efficient equilibrium

can be renegotiated.
81f the set of social alternatives in this example is expanded to allow for trade at any price, then it is

possible to show by using the Revelation Principle that any profile of Nash equilibria (one equilibrium for
each state of the world) under any mechanism must be such that it is the buyer who determines if there is
trade or not, and the price paid by the buyer when there is trade must be larger by exactly 2 than the price
paid by the buyer when there is no trade. It follows that if we add the constraint that in the event of no
trade, the buyer does not pay anything, then in any ex-post renegotiation proof mechanism, it is the buyer
who decides if there is trade or not, and the price that is paid for the object in the event of trade is equal to

2. See the appendix for details.



Another difference between our framework and the one considered by Maskin and Moore
(1999) is that they considered the incentives that a mechanism provides for exerting costly
effort. We believe that it is possible to address the question of whether it is possible to

provide incentives for exerting costly effort in our framework as well.

The following proposition provides a characterization of ex-post renegotiation proof mech-

anisms for the case where the number of players n > 3.

Theorem 1. Consider a complete information mechanism design environment with n > 3
players. Let a : © — A be an ex-post efficient decision rule, and let t : © — R™ be a budget
balanced vector of transfer functions (i.e., such that Y . t; (0) = s(a (0)) for every 0 € ©),
then there exists an incentive compatible, budget balanced, and ex-post renegotiation proof

mechanism that implements (a,t) .

The idea of the proof of Proposition 1 is that when there are three or more players, then
it is possible to use the report of player 2 to verify that player 1 is telling the truth, the
report of player 1 to verify that player 2 is telling the truth, and use player 3 as a budget

breaker. We thus have the following corollary:

Corollary. Consider a complete information mechanism design environment with n > 3
players. A social choice function (a,t) : © — A x R"™ is implementable in a way that is

ex-post renegotiation proof if and only if a is ex-post efficient and t is budget balanced.

When there are only two players, it is impossible to separate the provision of incentives
for telling the truth from budget balance, which makes this case much harder to analyze.
We have only some partial characterization results for this case, together with the following
example, which demonstrates that an ex-post renegotiation proof mechanism may fail to

exist under these circumstances.

Example 2. There are two players, a buyer and a seller. The seller owns an object that
the buyer may want to buy. The buyer is equally likely to value the object at either 1 or 5.
The seller’s reservation value for the object is equally likely to be either 2 or 6. The state of
the world is thus determined both by the buyer’s valuation for the object and by the seller’s
reservation value. The set of social alternatives consists of a continuum of alternatives: “no
trade,” and “trade at the price p,” where p € [2,5]. As in Example 1, the mechanism or
contract has to be designed before the buyer’s valuation and the seller’s reservation value
become known, but the mechanism would be played after the state of the world becomes
commonly known between the buyer and seller.

The proof of this is a little involved (see the analysis of Example 1 in the appendix), but it

can be shown that the possibility of ex-post renegotiation implies that the buyer can ensure

8



that it does not pay more than 2 when it buys the object, and the seller can ensure that
the buyer pays at least 5 when it buys the object, respectively. Since these two claims are
inconsistent, it follows that there does not exist any ex-post renegotiation proof mechanism

for this environment.

Conjecture. Consider a complete information mechanism design environment with two
players. In such an environment, a mechanism is ex-post renegotiation proof if and only if

it is a VCG mechanism.

3.3. Interim Renegotiation Proofness Under Complete Information

Ex-post renegotiation takes place after the mechanism has been played. Interim renegotiation
takes place before the mechanism is to be played. In a complete information environment, the
players do not learn anything about the state of the world from the play of the mechanism.
It follows that any equilibrium that the players would want to renegotiate ex-ante in the
interim stage they would also want to renegotiate ex-post. Thus any mechanism that is

ex-post renegotiation proof is also interim renegotiation proof.”

4. Renegotiation-Proofness Under Incomplete Information

4.1. Ex-Post Renegotiation-Proofness Under Incomplete Information
4.1.1. Definitions

There are many plausible to model the process of ex-post renegotiation. Our approach is
parsimonious and at the same time sufficiently rich for our purposes. A third party that
observes the decision that is made by the mechanism proposes to the players an alternative
decision that they are likely to jointly prefer to the mechanism’s decision. If this third party
is ever successful in inducing the players to deviate from the mechanism’s decision, then
we say that the mechanism is not ex-post renegotiation-proof. If the third party can never
induce the players to jointly agree to renegotiate the mechanism’s decision, then we say that
the mechanism is ex-post renegotiation-proof.

Specifically, suppose that a mechanism (S,m) is chosen and then played. After the
mechanism has been played and produced a decision (a,t), the players are informed of this
decision. In addition, each player ¢ knows its own type #;. Knowledge of the decision that was

made by the mechanism may reveal to the players some information about other players’

9Segal and Whinston (2002) made the same observation with respect to their notions of interim and

ex-post renegotiation proofness.



types, but the state of the world need not be commonly known among the players even
though the decision that was made by the mechanism is.

We model the process of ex-post renegotiation by extending the game induced by the
mechanism (S, m) in the following way. For every decision (a,t) that can be reached by a

mechanisms there is an exogenously determined alternative decision ¢ (a,t) = (¢, 1), i.e.,
Y:{(a,t) e AxR"|Joe S:m(o) =(a,t)} - AxR"

The players vote simultaneously whether to implement the original decision (a,t) or the
alternative (a/,t’). If all players vote in favor of the alternative outcome (a’,t’), then it is
implemented instead of (a,t). Otherwise, the original decision (a,t) is implemented.!’
Player ’s strategy in this ex-post renegotiation game is given by a strategy used in the
mechanism o; : ©; — AS;, and a voting strategy that specifies for each reachable decision
(a,t) and proposed alternative ¢ (a,t) = (a’,t') a probability p, (a,t,1,0;,s;) that denotes
the probability that player i votes to reject (a,t) in favor of the alternative 1 (a,t) as a

function of player i’s true type 0; and reported message s;.

Definition. A profile of strategies (0, p;),cy is a sequential equilibrium of the ex-post

renegotiation game if

1. Every type’s strategy is a best response to the other players’ strategies;

2. Players update their beliefs about the other players’ types using Bayes rule whenever

possible, taking (o;, p;),c into account.

There are two ways in which the stability of the equilibrium o of a mechanism (S, m)
can be undermined. First, following the equilibrium play in the mechanism the players
may renegotiate away from the mechanism’s recommended decision in favor of some alter-
native decision. Second, the players may have an incentive to deviate from their equilibrium
strategies in the mechanism in anticipation of future renegotiation, and then renegotiate as

anticipated. The following definition captures these two possibilities.

Definition. An equilibrium o of a mechanism (S, m) is said to be ex-post renegotiation-proof

against 1 if:

1. There exists an equilibrium of the ex-post renegotiation game where the players follow

strategies prescribed by ¢ in the mechanism and do not change any reached decision

10The players are not allowed to change the decision (a,t) based on the new information that is revealed

to them from the rejection of the alternative (a’,t').

10



in favor of the proposed alternative. In this equilibrium every type 6;, who strictly
prefers the alternative decision v (a,t) = (a/,t') as opposed to the original decision
(a,t) conditional on the other players voting in favor of the alternative, votes in favor

of the alternative decision (a’,t") with probability 1.

2. Consider a collection of subgames (or voting games) that begin after the players have
played o. Then for every subgame of the ex-post renegotiation game starting with
the voting stage between some reached decision (a,t) and the alternative decision
Y (a,t) = (a’,t') there is no equilibrium in which (i) the players change the reached
decision in favor of the alternative with a positive probability; (ii) a nontrivial set of

players’ types strictly prefer to switch to the alternative.

Definition. An equilibrium o of a mechanism (S, m) is said to be ex-post renegotiation-proof

if it is ex-post renegotiation-proof against every feasible 1.

The notion of ex-post renegotiation-proofness is quite strong, since it requires the mech-
anism to be robust to the possibilities of switching to all feasible sets of alternatives. Nev-
ertheless, one may argue that it is not nearly strong enough because we do not allow the
alternative proposals to depend on the private information of the players beyond what is
revealed by mechanism’s decision. Indeed, in realistic settings renegotiation proposals result
from some communication process during which the players may choose to reveal some ad-
ditional private information. We attempt to capture this feature by introducing a stronger
notion of renegotiation-proofness, which we call “oracle renegotiation-proofness.”

To capture this stronger notion of renegotiation proofness we extend the game induced
by the mechanism (S, m) in a different way. For every decision (a,t) that can be reached by a
mechanism and for every state of the world 6 there is an exogenously determined alternative
decision ¥ 0, (a,t)) = (', 1), i.e.,

P:Ox{(a,t) e AXR"|FF € S:m(5) = (a,t)} - AxR",

Notice that now the alternative decision may reveal some extra information about the true
state of the world in addition to what is revealed by the outcome of the mechanism. As
before, if all players vote in favor of the alternative outcome then it is implemented, and the

original decision (a,t) is implemented otherwise.

Definition. An equilibrium o of a mechanism (S, m) is said to be ex-post oracle renegotiation-

proof against zAZJ if:

1. There exists an equilibrium of the ex-post renegotiation game where the players follow

strategies prescribed by ¢ in the mechanism and do not change any reached decision

11



in favor of the proposed alternative. In this equilibrium every type 6;, who strictly
prefers the alternative decision 1 (0, (a,t)) = (a,t') as opposed to the original decision
(a,t) conditional on the other players voting in favor of the alternative, votes in favor

of the alternative decision (a’,t") with probability 1.

2. Consider a collection of subgames (or voting games) that begin after the players have
played 0. Then for every subgame of the ex-post renegotiation game starting with
the voting stage between some reached decision (a,t) and the alternative decision
0 (0, (a,t)) = (d,t") there is no equilibrium in which (i) the players change the reached
decision in favor of the alternative with a positive probability; (ii) a nontrivial set of

players’ types strictly prefer to switch to the alternative.

Definition. An equilibrium o of a mechanism (S, m) is said to be ex-post oracle renegotiation-

proof if it is ex-post renegotiation-proof against all feasible 12

Thus the definition of ex-post oracle renegotiation envisions an “oracle” that given the
mechanism’s decision and the players’ types, recommends an alternative decision that the
players are likely to prefer to the mechanism’s original recommendation. Importantly, the
players treat the oracle’s recommendation as exogenous.

As mentioned above, the oracle device is meant to capture the possibility that the al-
ternative proposals may depend on the private information beyond what is revealed by the
outcome of the mechanism. We conjecture that it is possible to show (at least for the settings
with private values) that if an equilibrium of a mechanism is ex-post oracle renegotiation-
proof, then it is also robust against renegotiation in any model with an explicit renegotiation
protocol, according to which the players communicate with each other when deciding on an
alternative proposal. We will investigate this issue in the further research.

Another justification for the oracle device is the fact that in some realistic settings the
state of the world may become commonly known at the ex-post stage. Thus to assure stability
of the equilibrium of a mechanism ex-post oracle renegotiation-proofness is required.

The difference between ex-post renegotiation-proofness and ex-post oracle renegotiation-
proofness is illustrated in the following example that describes a mechanism that is ex-post

renegotiation-proof, but not ex-post oracle renegotiation-proof.

Example 3. There are two players, a buyer and a seller. The buyer is equally likely to
value an object at either 0 or 3. The seller’s reservation value is equally likely to be 1 or 2.
The buyer’s valuation and the seller’s reservation value are stochastically independent. The
buyer is privately informed about his valuation and the seller is privately informed about

her reservation value. The set of decisions is given by A = {“no trade,” “trade at price 1,”

12



“trade at price 2”}. Consider the following mechanism: the buyer announces its value. If
she announces the value 0, then there is no trade; if she announces the value 3, then there is
trade at the price 2. Observe that truth-telling is a dominant strategy for the buyer under
this mechanism.

This mechanism is ex-post renegotiation-proof. The equilibrium payoff to the buyer
whose valuation is 3 is 1. The payoff to a buyer with valuation 3 from announcing that his
type is zero and then renegotiating to trade at the price 1 is % -2+ % -0 = 1 because the
seller whose reservation value is 2 would object to renegotiation. However, the mechanism
is not ex-post oracle renegotiation-proof because the expected payoff to the buyer whose
valuation is 3 if she announces that its valuation is zero and then renegotiates to trade at
the price 1 when the seller’s reservation value is 1 and to trade at the price 2 when the seller’s

reservation value is 2 is % -2+ % -1 = % > 1.

4.1.2. The Case of Independent Private Values

The main difficulty in the analysis of the ex-post renegotiation game comes from the fact that
at the voting stages the players compare their payoffs evaluated at the alternative decision
with their payoffs evaluated at the original decision (a,t) conditional on the other players
voting in favor of the alternative. However, the analysis of the case of independent private
values is considerably simpler since the additional information revealed by the other players’
voting behavior is payoff irrelevant.

The fact that an outcome that is not ex-post efficient can be renegotiated to one that is

in such a way that strictly benefits all the players implies that,

Lemma 2. In an incomplete information mechanism design environment with indepen-
dent private values, an ex-post renegotiation-proof Bayesian-Nash equilibrium is ex-post

efficient.!!

The lemma is straightforward if we use the notion of ex-post oracle renegotiation-proofness.
The point that is made by the lemma is that it is enough to require ex-post renegotiation-
proofness.

The next example demonstrates that the converse of the Lemma does not hold. Namely,

an ex-post efficient mechanism may fail to be ex-post renegotiation-proof.

Example 4. There are two players, a buyer and a seller. The seller owns an object that the
buyer may want to buy. The buyer is equally likely to value this object at either 1 or 5. The

seller’s reservation value for the object is 2. The state of the world is thus determined by the

1 This Lemma holds true also in the case of complete information environments, but it fails to hold when

players have interdependent valuations.
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buyer’s valuation for the object. The set of social alternatives consists of three alternatives:
“no trade,” “trade at the price 3,” and “trade at the price 4.”

Consider the following mechanism: the buyer announces whether she wants to trade
or not. If she announces it wants to trade, then the buyer and seller trade at the price
4; otherwise, there is no trade. Observe that the Bayesian game that is induced by this
mechanism has a trivial unique Bayesian-Nash equilibrium in undominated strategies. If the
buyer’s valuation for the object is 1, then in equilibrium the buyer declines to trade and the
object is not traded. If the buyer’s valuation for the object is 5, then in equilibrium the
buyer agrees to trade and the object is traded at the price 4.

However, despite the fact that the Bayesian-Nash equilibrium is both ex-post efficient
and in dominant strategies, it is not ex-post renegotiation-proof according to our definition.
To see this, suppose that in the event of no trade, the buyer and seller may renegotiate the
outcome to trading at the price of 3 if they so wish. A buyer who values the object at 5 and
who anticipates such a renegotiation possibility might announce that she declines to trade in
the hope of renegotiating the outcome to trading at a price that is better for her. Since such
renegotiation would also make the seller strictly better off compared to no trade, the seller
may well agree to renegotiate the outcome. Thus, the Bayesian-Nash equilibrium outcome
in which the object is traded at the price 4 may be renegotiated away — the fact that the
buyer’s valuation for the object in this case is commonly known to be larger than 4 does not

prevent this renegotiation from taking place.

The next example goes a step further by demonstrating that ex-post renegotiation-proof

mechanisms may altogether fail to exist.

Example 5. There are two players, a buyer and a seller. The seller owns an object that
the buyer may want to buy. The buyer is equally likely to value the object at either 1 or 5.
The seller’s reservation value for the object is equally likely to be either 2 or 6. The state of
the world is thus determined both by the buyer’s valuation for the object and by the seller’s
reservation value. The set of social alternatives consists of a continuum of alternatives: “no
trade,” and “trade at the price p,” where p € [2,5].

The proof of this is a little involved, but it can be shown, in a manner that is similar to
the type of argument used in Example 2 above, that the possibility of ex-post renegotiation
implies that the buyer can ensure that she does not pay more than 2 when she buys the
object, and the seller can ensure that the buyer pays at least 5 when she buys the object,
respectively. Since these two claims are inconsistent, it follows that there does not exist any

ex-post renegotiation-proof mechanism for this environment.

The next theorem provides a characterization of the set of environments that admit

the existence of an ex-post oracle renegotiation-proof mechanism under the assumption of
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independent private values.

Theorem 2. Consider an incomplete information mechanism design environment with
independent private values. In such an environment, a feasible mechanism is ex-post oracle

renegotiation-proof if and only if it is VCG in expectation.

A direct revelation mechanism (a,t) is said to be VCG in expectation if a is an ex-post

efficient decision rule and for every 0, € ©; and i € N,

Ey ,[ti(0:,0-:)] = Ey + H;

—1

Z Uj (CL (617 9—1) ) 9)

J#i

for some constant H; € R. Namely, the expected payment of each player i as a function of
its type is equal to the expected payment to the player as a function of its type under some

VCG mechanism.!?

Space limitations prevent us from providing the proof of the Theorem. The intuition for
the proof is the following. The way we defined the process of renegotiation implies that a
player can always misrepresent her type when a mechanism is played and then renegotiate to
an ex-post efficient outcome and capture the difference in social surplus. This implies that
the possibility of ex-post renegotiation allows any player to capture the surplus or externality
that it generates up to a constant. It therefore follows that the mechanisms in which players
already get the surplus or externality they generate are ex-post renegotiation-proof, and
conversely, any mechanisms that is ex-post renegotiation-proof must be a mechanism in
which each player obtains a payoff that is equal to the surplus it generates up to a constant.

Hence, the Theorem is a consequence of the fact that the class of mechanisms in which
players’ payoff are equal to the surplus they generate is the class of mechanisms that are
VCG in expectation. It is the class of mechanisms that are VCG in expectation rather
than just VCG because the players contemplate how best to misrepresent their types at the
interim stage, which implies that the expected transfer to each player has to be equal to the

expected externality that is generated by the player.

Remark. Williams (1999) showed that if the sets of players’ types are connected open
subsets of R™ and the players’ interim expected valuations are continuously differentiable
then any mechanism that is both ex-post efficient and Bayesian incentive compatible is
payoff equivalent to a VCG mechanism at the interim stage. When this equivalence holds,

the Theorem implies that there exists a feasible ex-post oracle renegotiation-proof mechanism

12The class of mechanisms that are VCG in expectation includes VCG mechanisms (after Vickrey (1961),
Clarke (1971), and Groves (1973)), AGV mechanisms (after Arrow, 1979, and d’Aspremont and Gerard-

Varet, 1979), as well as other mechanisms.
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if and only if there exists a feasible, ex-post efficient, Bayesian incentive compatible, direct
revelation mechanism. The fact that for several economically important mechanism design
problems, such as bilateral trade, regulation, and litigation and settlement, no feasible ex-
post efficient mechanisms exists implies that no ex-post renegotiation-proof mechanisms exist

in such mechanism design problems either.

4.1.3. The Case of Correlated Private Values

When there are at least three players with correlated types, then we believe that the technique
of Crémer and McLean (1985, 1988) can be adapted to establish the existence of an ex-post
oracle renegotiation-proof mechanism that implements any ex-post efficient decision rule.
The idea is that in order to induce player ¢ to reveal its type truthfully, it is possible to
“stochastically compare” its report to the report of player j while using player k as a budget-
breaker. Because in such a scheme player i’s report does not affect player j’s payoff, this
does not influence player j’s incentive to report the truth. And it is possible to “rotate” the
roles of players ¢, 7, and k, so as to provide every player with a strong incentive to report the
truth while maintaining budget balanced. Once the players are induced to report their types
truthfully, the fact that the decision rule is ex-post efficient prevents them from renegotiating
the outcome.

We do not know yet what rules can be implemented in a way that is ex-post renegotiation-
proof when there are only two players. It is a difficult problem, and it is possible that there

7

is no “elegant” characterization for this case.
Another interesting question is what can be implemented in a way that is ex-post
renegotiation-proof by a mechanism that is also robust according to another robustness

criterion, such as robustness against higher order beliefs.!3

4.1.4. The Case of Interdependent Values

The case of interdependent values is considerably more complicated than the case of private
values. The difference is that when players have private values, they do not need to know
anything about other players’ types in order to decide whether an alternative decision (o', t’)
dominates the mechanism’s decision (a,t). In contrast, when players have interdependent
valuations, whether or not it is in a player’s best interest to renegotiate the outcome may
depend on another player’s type. And since other players willingness to renegotiate the
outcome depends on their types, players have to take into account what types of other

players are likely to agree to renegotiate the outcome.

13Indeed, Heifetz and Neeman (2006) have shown that the type of arguments used by Crémer and McLean

are non robust or “non-generic” according to this criterion.
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The next example illustrates some of the difficulty by showing that the Lemma that
appears in Section 3.2.2 may not hold when players have interdependent valuations. Namely,
in such a case a mechanism may not be ex-post efficient but still be ex-post renegotiation-

proof.

Example 6. There are two players. Player 1 is equally likely to be of type a or type b,
player 2 has no private information. There are two decisions {«, 5} . The payoffs of the two

players (uj,us) are given by the following table:

type a type b
decision 0,0 0,0
decision 8 5,—5 1,1
A mechanism that always reaches the decision « is ex-post renegotiation-proof against
the alternative decision 5 (the fact that player 1 has a dominant strategy to vote in favor of
B, implies that /5 is undesirable for player 2). Such a mechanism is not ex-post efficient in
state b.

Nevertheless, it is possible to show that ex-post oracle renegotiation-proofness implies
ex-post efficiency, also in the case where players have interdependent valuations.

We also obtained a characterization result for the ex-post oracle renegotiation-proof mech-
anisms for environments with interdependent valuations and independently distributed pri-
vate information analogous to the Theorem which appears in Section 3.2.2. The characteri-
zation in this case is less "elegant" than the one for independent private valuations, and due
to space limitations we just informally describe the results. The fact that we use the notion
of ex-post oracle renegotiation-proofness implies that the decisions must be ex-post efficient.
The restrictions on the payments come from the requirement that no player should benefit
from misrepresenting her type, and then renegotiating to an ex-post efficient outcome and
capturing the difference in the social surplus.

As an illustration consider a single-good auction environment where bidders have one-
dimensional signals and a single-crossing condition is satisfied. We can show that if there
are two bidders then a generalized Vickrey auction (see for example Dasgupta and Maskin
(2000)) is ex-post oracle renegotiation-proof. Interestingly, this is not necessarily true when
there are more than two bidders. Assume that it is never efficient to allocate a good to
bidder 7, but the knowledge of her signal is essential for an efficient allocation of the good
among the rest of the bidders. In a generalized Vickrey auction the bidder i’s payment
is zero. However, the bidder i may wish to misrepresent her signal to force an inefficient
allocation, and later renegotiate to an efficient allocation and capture the difference in the

social surplus.
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4.2. Interim Renegotiation-Proofness Under Incomplete Information

The process of interim renegotiation is modeled in a similar way to the process of ex-post
renegotiation except that renegotiation of the mechanism takes place before the mechanism
is played. In this case, the beliefs of the players about how an alternative mechanism will
be played and about how the original mechanism will be played after the rejection of an
alternative mechanism are important. We say that a mechanism is interim renegotiation-
proof if it is never renegotiated for whatever rational beliefs that the players may hold.

Suppose that the process of renegotiation at the interim stage, before the mechanism is
played, assumes the following form. Fix a mechanism (S, m) and a Bayesian-Nash equilib-
rium of this mechanism o = (oy,...,0,). Suppose that an alternative mechanism (5", m')
is exogenously proposed to the players. The players vote simultaneously whether to retain
the original mechanism (S, m), or to replace (S, m) by the new mechanism (S’ m’). If all
the players vote in favor of the alternative mechanism (S’,m'), then it is played instead of
(S, m) . Otherwise, the players continue to play the original mechanism (S, m) using possibly
different strategies than o that reflect what they have learned about other players’ types from
the rejection of the alternative mechanism (S’ m’) . In either case, players are only informed
about the outcome of the vote, not about the votes of individual players.

A pair of mechanisms (S, m) and (S’,m’) thus defines an interim renegotiation game.
Player i’s strategy in this interim renegotiation game is given by (i) a voting strategy p; :
©;, — [0,1] that denotes the probability that player i votes to reject (S,m) in favor of
the alternative mechanism (S’,m’) as a function of player i’s true type 6;; (i) a strategy
0; 1 ©; — AS; used in the mechanism (S, m) if it is retained; (iii) a strategy o/ : ©; — AS!

used in the mechanism (S, m') if it replaces (S, m).

Definition. A profile of players’ strategies (p;, 04, 0}),.y is a sequential equilibrium of the

interim renegotiation game that is induced by the two mechanisms (S, m) and (S’,m’) if

1. Every type’s strategy is a best response to the other players’ strategies;

2. Players update their beliefs about the other players’ types using Bayes rule whenever

possible, taking (p;, 04, 0}),c 5 into account.

Definition. An equilibrium o of a mechanism (S, m) is said to be interim renegotiation-
proof if there does not exist a mechanism (S’, m’) and a sequential equilibrium of the interim
renegotiation game that is induced by the two mechanisms (S, m) and (S’,m’) in which (i)
the players vote in favor of the alternative mechanism (S’,m’) with a positive probability;

(ii) a nontrivial set of players’ types strictly prefer to switch to the alternative mechanism

(S",m').
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Remark. The renegotiation game described above is similar to the one described in Holm-
strom and Myerson (1983). The main difference between the definition presented here and
Holmstréom and Myerson’s (1983) definition of “durability” is that Holmstrém and Myerson
say that a mechanism is “durable” if for every alternative mechanism there is a (non trivial)
voting equilibrium in which this alternative mechanism is rejected. In contrast, we say that a
mechanism is interim renegotiation-proof if every alternative mechanism is rejected in every
equilibrium. The fact that coordination problems may imply that there is a (non trivial)
equilibrium rejection of every alternative implies that our definition is strictly stronger than

that of Holmstrom and Myerson.

This is still a little tentative at this stage, but we nevertheless state the following conjec-

ture.

Conjecture. Consider an incomplete information mechanism design environment. In such
an environment, a dominant strategy ex-post efficient equilibrium is interim renegotiation-

proof.

4.3. Renegotiation-Proofness Under Incomplete Information

Recall that a mechanism is said to be renegotiation-proof if and only if it is both ex-post
and interim renegotiation-proof. The Theorem we presented in Section 3.2.2 and the con-
jecture presented in Section 3.3, if true, together imply that in independent private values
environments any dominant strategy equilibrium that is ex-post efficient is both ex-post and
interim renegotiation-proof and hence also renegotiation-proof. In particular, since a VCG
mechanism has a dominant strategy equilibrium and is ex-post renegotiation-proof, it is also
renegotiation-proof in independent private values environments. It therefore follows that in
such environments, an incomplete information mechanism design problem admits the exis-
tence of a renegotiation-proof mechanism if and only if it admits the existence of a feasible
VCG mechanism.

Appendix

Proof of Theorem 1. Fix an ex-post efficient decision rule a and a budget balanced vector
of transfers t : © — R™. Consider a mechanism (v, 7) that requires each player to report the

state of the world, and that determines the outcome as a function of the players’ reports
(91, ey Hn) as follows:

(@, 1, oy ) (51,..@) _

<a<0>7t1 (0)7atn (0)) if EIZEQZHEQ
(ag, =M, —M,2M.,0,...,0) if 6 0,
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where ayp € A is some fixed social alternatives, and the constant M is chosen such that

M > max |v(a,0)+t;(0)]. The (direct revelation) mechanism (v, 7) is incentive com-
1EN,a€A,0€0

patible, budget balanced, and ex-post renegotiation proof, and it implements the decision
rule and vector of transfers (a,t). |

Example 1 (continued). We show that the buyer is the one who determines if trade takes
place, and pays exactly 2 more than it pays if there is no trade.
By the revelation principle (for games with complete information), any mechanism can

be described as:
B\S 1 5

1 q1,1,P11
5

where g denotes the probability of trade and p denotes the buyer’s payment. Permit lotteries
but then ex-post renegotiation takes place before the lottery.

WTS Dss — D11 =2, @11 = Q15 P11 = P15} G55 = 515 and P55 = Ps,1-
RP implies ExpEfficiency or

Gip = 0
g5 = 1

RP implies (notice that these constraints are stronger than IC)

Bl : qi1—pi1>2¢510 — psa
B5 : 5¢s55 —Dps5 > 515 —pis+(1—aqus) (5—2)
S1 @ pig—2012>pis— Qs
S5 pss—2¢55 > P51 —2¢51 + (1 —g51) (5—2)

In B5 buyer renegotiates if there’s no trade and captures entire surplus; in S5 seller
renegotiates if there’s no trade and captures entire surplus. In Bl buyer renegotiates if
there is trade but captures a surplus of only 1; in S1 seller renegotiates if there’s trade, and
captures surplus of 1)

plugging in, we get

Bl @ —piq>2¢51 —psa
B5 : 2—ps5 > 2015 —Dis
ST @ pr1>pis—qus
S5t pss >0+ ps1— 5
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combining B5 and S1 get:

2—q15 2 P55 — D1
combining B1 and S5 get:

P55 — P11 =5 — 3051

from which it follows that
2—qi5>5—3¢51

Since 0 < ¢15,¢51 < 1, this can only be if ¢; 5 = 0 and ¢5; = 1, which, in turn implies that
D55 — pia = 2. Le., the seller cannot affect the probability of trade, and the difference in
the price paid by the buyer when there is trade and not is 2. We did not impose individual
rationality, but if we do, and assume that the buyer pays nothing if there is no trade then

the resulting mechanism is: ...

It therefore follows that in the example where buyers values are either 1 or 5, and seller’s
values are either 2 or 6, there exists no renegotiation proof mechanism. Analysis for the case
where seller’s cost is 2 yields the result above; symmetric analysis for the case where the
buyer’s valuation is 5 implies that it is the seller who determines probability of trade and
price difference is 5 but this cannot be ...(IC implies that payment from buyer to seller should
be the same when there’s no trade, regardless of the types. Otherwise, traders would simply
misreport their types. Suppose payment is x. Argument for buyer implies that when there
is trade, it’s at an expected price of x + 2. Argument for seller implies it’s at an expected

price  + 5. A contradiction)

Proof of Lemma 2. Suppose that ¢ is an ex-post renegotiation proof equilibrium of the
mechanism (S, m) . Suppose that ¢ is not ex-post efficient. It follows that there exists a
decision d € D, a profile of types t = (t1,...,t,) such that m (o (t)) = d, and an alternative
decision a € D such that

w; (a,t;) > u; (d, t;) (3)

for every type t;, © € N, with one strict inequality. We show that the ex-post renegotiation
game (S, m,o0,d,a) has a sequential equilibrium in which the players all vote in favor of the
alternative decision a with a positive probability. Inequality (3) implies that there exists
an equilibrium in which the types ¢;, i € N, all vote for the alternative a with a positive
probability, and at least one of these types is made strictly better off by this vote. (Observe
that since players are assumed to have private values, if other types also vote in favor of
the alternative a in this equilibrium, this does not affect the payoft of the types t;, i € N

conditional on switching to a and so does not disturb the equilibrium.) [ |

Proof of Theorem 2. Let (z,t) be a mechanism that is VCG in expectation, individually

rational, and ex-post budget balanced. We show that (x,t) is ex-post renegotiation proof.
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Suppose that (z,t) is not ex-post renegotiation proof. We show that this leads to a
contradiction. The fact that x is ex-post efficient implies that if all the players report their
types truthfully, then they would not want to renegotiate the outcome. It therefore follows
that there exists a player i € N and two types 0;,6: € ©; such that type 6; would benefit
from reporting it is type 6. and then, for any §_; € ©_;, renegotiating the outcome from
((0;,0-) ,t(0,0-5)) to (v(0;,0-;),t(0;,0_;)) where ¢ is some ex-post budget balanced
transfer function (by renegotiating the outcome to the ex-post efficient outcome z (6;,60_;),
0; is able to capture the greatest possible surplus for itself, and so would prefer that to any
other outcome € X; the transfers # facilitate this renegotiation).

A report of ¢ that is followed by renegotiation is beneficial for 6; when it contemplates

it in the interim stage if
Ey_, [vi (z (6:,0-:) . 0:) + 1 (0:,0-5)] > Eo_, [v; (x(0;,0-;),0;) + t; (6;,6_;)]
if and only if
Ey , [t; (0:,0-5)] > Eo_, [t: (6:,60_,)]. (1)
Player j agrees to the proposed renegotiation if and only if the transfer ?J is such that for
every _;, € ©_;:
vi (@ (0:,0-4),0;) + 15 (0:,03) > vy (2 (6,0),0;) + t; (6;,0_)
or
£ (05,0-) > v; (2 (03,0-4) ,0;) = v; (2 (05,0-) ,05) + 1 (0, 6-).
Summing the previous inequality over j # i, it follows that
D 5 (0:,0-0) > v (@ (0;,0-0),0;) =Y v (x(6;,0.),0,) + > 1;(6;,0) . (2)
i j#i J#i i
The fact that both ¢ and 7 are ex-post budget balanced implies that Doty (05,0) =
—t; (0,60_;) and Z#Z (0;,0_;) = —t; (0;,0_;) . Plugging these two equations into (2) im-
plies:

1 (0:,0-5) <> v (w(0:,0-),0;) = > vj(w ),0;) +t; (6),0_)
J#i J#i
for every 0_; € ©_;. Taking the expectation over _; € ©_; implies

> i (x(0;,0-:),05)

J#i

By, [t: (0:,0-3)] < By, +Ep_, [t; (0;,0

Z’Uj N )] .
J#i

(3)
The fact that (x,t) is VCG in expectation implies that

LD v (@ (05,6-:) ,6;)

JFi

=FEy ,[t: (0;,0_;)] — H;
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and

By, [ti (07,0-:)] — Ep

—1

> v (@ (6;,6-) ﬁj)] = H;

J#

for some constant H;. Plugging the two equations above into (3) it follows that:
= Ee_i [ i (gi, 9—1)] -

A contradiction to (1).

Let (x,t) be a direct revelation mechanism that is incentive compatible, individually
rational, ex-post budget balanced, and ex-post renegotiation proof. We show that (x,t) is
VCG in expectation.

Type 6; € ©; of player i can report it is type 0, € ©; and then offer to renegotiate the
outcome from (z (0,6_;) , ¢ (6},0_;)) to (z (6;,6_;) (65, 0_;)) where 1 is some ex-post budget
balanced transfer function.

Player j would agree to this renegotiation if the transfer tAJ is such that for every 0_; € ©_;:
vi (@ (0:,0-4),0;) + 15 (0:,0-4) > v; (2 (6;,0-),0;) + t; (6;,0-5),
or
b5 (05,04) > v (x(05,0-) ,0;) — v (2 (0:,0-5) ,0,) +1; (65, 0-)

Summing this inequality over j # 4, it follows that renegotiation would be possible if for

every 0_, € ©_;
D E 0500 = 0 (@ (0,0-),0;) = > vy (x(0:,0-0),0;) + Y t5(0
i J#i A i
The payoff player 6; € ©; can therefore get through renegotiation is equal to

v (@ (0:,60-5),0) — 3T, (63,6,

JF#i

vi (2(05,0-3),0:) = > v (x 0;)+ > i (@(0:,0-5),60;) = > t; (6

J#i JF#i J#i

The fact that (x,t) is ex-post renegotiation proof implies that, in the interim stage, when
player ¢ considers whether it should misreport and then renegotiate, it concludes that this

cannot increase its expected payoff, or:
E97i€97i [Ui (I (017 0—%) 962> +1 (017 0—%)]

> FEy co, |vi(x(0;,0-; Zv] +Zvj (0;,0_; Zt

J#i J#i jF#i
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or
Ep_.co,[ti (0;,0_))] > Ey_.co._, [— > v (@ (05,0-5),0;) + > v (x(0:,0-5),6;) = > t; (6
J#i J#i J#i

for every 0;,0; € ©;. Because t; (0,0 ;) + >, t; (¢;,0_;) = 0, we have that

Ep co_, [ti(0:,03) —t:(0;,0_3)] > Fy_co_, [Z vj (z(0:,0-;),0;) — Z%’ (= (0,0-:) »‘93')]
G#i J#
for every 0;,0; € ©,. Because type 0, € ©; of player i can report it is type 6; € ©; and

then offer to renegotiate the outcome as above, we may replace 6; and 6, in the previous
inequality to get:

Ey_.co_, [ti (0:,0-:) = t; (0;,0-3)] < Ep_ico_, [Z% (05,0-),60,) = > v;(x (%ﬁ—i)ﬁj)]

JFi JFi

for every 0;,0; € ©;, from which it follows that

E07i€@77; {tz (917 071) - tz (9;7 9 E9 i€O0_; [Z Uj 917 9 Z vj )]

J#i VED

for every 0,0, € ©; and 0_; € ©_;. By fixing 0, € ©;, it therefore follows that for every
feoO:

Ey_co_, [ti (0;,03)] = Ey_co_, ZU] (05,0-4),60;) = > v; (x(6;,0-5),0;) + 1 (6, 9—i)]

_J#z J#i

= Ee,ie@,i Z U] eu ‘9—2 ) ) + Hz

L j#

where
H; = Ea—iee—i [ti (6;7 9—1) - Z Uj (l’ (0;7 9—1) 79j)] .
JFi

It follows that (z,t) is VCG in expectation. |
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